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CN ■ Abstract. We prove the stability of the torus, and with suitable rescaling, hyper- 

bolic space under the (two-loop) renormalization group flow for the nonlinear sigma 
model. To prove stability we use similar techniques to [10], where the stability of 
the torus under Ricci flow was flrst established. The main technical tool is maximal 
regularity theory. 
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I) : 

^ , 1. Introduction 

The renormahzation group flow equations for the world-sheet nonlinear 
J> ' sigma models arise from quantizing the classical action 

■ s{x) = f r^mjix)do,x'dpx^dVij), 

where a' > is the string coupling constant, (S, 7) is a 2-dimensional 
Riemannian manifold (i.e. world sheet), {M,g) is a n-dimensional Rie- 
mannian manifold (i.e. target space), and x : S — M; {9^, 6"^) 1— > {x^{9) 
O ■ ) • • • ) x'^{6)) is a map. To (perturbatively) quantize the classical theory, 

^ \ a momentum cutoff A > must be introduced. This gives rise to a one 

parameter family of quantum field theories indexed by the cutoff A. 
The target space metric becomes A dependent and plays the role of the 
\ "coupling constants". The requirement that the one parameter family 

of field theories be equivalent on length scales L ^ 1/A leads to the 
Renormalization Group (RG) flow equations 

In the perturbative regime {a' <C 1), the /3-functions fif^ can be ex- 
panded in powers of a' [H [13] : 

(51^ = a'R,, + + 0(a'=') . (2) 
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Here we are using Rijte = gemRfjk where Rfjf^ = diT^j^ - djVf^ + 
^Tk^L - ^Tk^]m- Introducing "time" by t = -ln(A), the RG flow 
equations become 

1^5^, = -O^'lh, - '^R^klmR,''''^ + 0(0'=^) . (3) 

Truncating at the first order in a' gives 

d 

—gij = -a'Rij. (4) 

In the perturbative regime, the first order truncation should provide an 
acceptable approximation to the full RG fiow. However, this is difficult 
to quantify as a rigorous definition of the /3-functions requires a non- 
perturbative quantization of the nonlinear sigma model, and this has 
not yet been shown to exist. As has been noted previously [16j, the first 
order truncation ([3]) is Ricci flow. It is easy to see (e.g. by considering 
the sphere) that there exist many solutions to Ricci fiow which become 
singular in finite time. In [U] Hamilton showed that at a finite singular 
time T < oo, the Riemannian curvature blows up, i.e. limtyT \RnT-\g = 
oo. Therefore for times near a singular time for Ricci flow, from the 
perturbative expansion for the beta-functions ([2j), it appears that the 
second order correction term would dominate even for a' <C 1. This 
would signal a regime change where the flrst order truncation (i.e. Ricci 
flow) is no longer a valid approximation for the full RG flow. This 
suggests the strategy of using the second order (two-loop) truncation 

'g^dij = —Oi'Rij ^RiklmRj'^''"^ (5) 

as a measure of the error in approximating the full RG flow ^ by Ricci 
flow ([!]). A related motivation for studying as discussed in [16j, is 
that in certain situations, it is enough to consider the second order RG 
equations ([5]) to establish the existence of a continuum limit [9] . Finally, 
we note that it is tempting to view the higher order truncations of the 
RG flow equations ([3]) as natural modiflcations of Ricci flow. In this 
light, the /3-function expansion ^ in powers of a' generates specific 
modifications to Ricci flow. As with other equations that arise from 
physical considerations, these equations may have "nice" properties, 
which we think, at the very least, is worth investigating. However, 
we note that whereas ^ can be studied using parabolic techniques 
(at least for a' small enough), the third and higher order correction 
would involve polynomials of the curvature and its derivatives|13j. This 
would mean that in trying to study the third and higher order equa- 
tions as evolution equations, some form of the Nash-Moser implicit 
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function theorem would be necessary to overcome the resulting loss of 
derivatives. 

As a first step in the analysis of the second order RG flow 
we prove the stability of the flat torus, and with suitable rescaling 
hyperbolic space, under the flow. See sections [5] and [3] for the theorems 
and proofs. The main theorems are Theorem [1] and Theorem [2j 

2. Stability of the second order RG flow at M = T''. 

Let ^ be a flat Riemannian metric on a closed n— dimensional manifold 
M. In this section we show that there exists a neighborhood of g in 
an appropriate function space such that if go is in this neighborhood, 
then the solution g{t) of the renormalization group flow with g{0) = go 
converges exponentially quickly to a centermanifold at g consisting en- 
tirely of flat metrics. To do so we will apply maximal regularity theory, 
as introduced by [4], and applied to fully nonlinear equations in f5]. 
See [21j for an introduction to these methods in a geometric setting. 
The argument is similar to that used to show the stability of the Ricci 
flow at flat metrics [10], and at hyperbolic metrics [14^1 : however, the 
second order renormalization group flow is no longer quasilinear, and 
so results for fully nonlinear equations must be used (see the cross- 
curvature flow result in [14] for another fully nonlinear example). We 
will work with the nested little Holder spaces of 2-tensors, denoted 
, which are the completion of the 2-tensors in the Holder norm 
|H|.^„. Letting Eo = Ei = h?+'' , Xo = hP+P, and Xi = h?+P, 

where < a < p < 1, one has 

Xi d El C Xo CI Eo, 

with Xo and Xi the continuous interpolation spaces required to apply 
maximal regularity theory (for an introduction to these spaces, their 
connection with the more familiar real interpolation spaces, and a jus- 
tiflcation of the above inclusion, see the beginning of Section 3.3 |10]). 
We prove the following theorem: 

Theorem 1 (Stability of n-dimensional Torus). Let g he a flat Rie- 
mannian metric on a closed n— dimensional manifold M, n ^ 3, and 
let g{t) satisfy the second order RG flow 

-g = -2Rc{g) - ^Rm" (6) 
5(0) = go- 

^ See [24] for results on the stability of constant nonzero curvature spaces under 
Ricci flow, using other means. 
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There exists a ball Br{g) C h?~^P , r > 0, such that if G B,.{g), then 
the solution g[t) of (0j converges exponentially quickly to a flat metric. 

Proof. Following [6j, in order to obtain a strictly parabolic equation, 
for any positive definite 2-tensors g,u we define a vector field 

Wl,g = -g'^u-.'g'^g^'^ (V,u,i - ^V^u,,^ , (7) 

and a modified flow 

^5 = -2Rc{g) + Lw^^^g - ^Rm\g), (8) 

where Lwu,g9 is the Lie derivative of g in the direction Wu,g. We shall 
call this the second order DeTurck-RG flow. If is a solution of ([8]), 
then (plg is a solution of ([6]), where (j)t is the family of diffeomorphisms 
generated by integrating the vector field —Wu,g. When u = g we see 
that g is also a fixed point of ([8]). By the standard first variation formula 
■^Rc{g + eh)\i;=Q (see Theorem 1.174 [Ij), the linearization of the first 
two terms of the right hand side at g is given by 

D{-2Rc{g) + Lw,,,g)\g=-gh = KlK (9) 

where 

hLhij =: Ahij + 2Rkijih>=' - g^^Ruh^j - g^^Rjihik (10) 

is the Lichnerowicz Laplacian with respect to the metric g, and A 
denotes the usual Laplacian with respect to g (see Chapter 3.3 in ^ 
for complete details of the calculation) . We denote Rijki = Rm{g)ijki 
and Rij = Rc{g)ij. So letting u = g, the linearization of ([8]) at a flat 
metric g is 

^h = Ah=:Aqh. (11) 
dt ^ ' 

The existence of an exponentially attractive centermanifold is a 

consequence of Theorem 3.3 in [5j, and so we verify its hypotheses. 

It is convenient to rewrite equation ([8]) as 

^^g = Agg{t) + G{g{t)), 

where Ag is the linearization of the right hand side of ([8]) . The hypothe- 
ses of the theorem are: 
Ag : Xi ^ Xq is sectorial (and extends to sectorial Ag : Ei ^ Eq), 

G G (7^(0, Xq), where O C Xi is a neighborhood of g, 

G{g) = 0, G'{g) = 0. 
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We recall that an operator being sectorial roughly means that the 
spectrum is bounded in a wedge in a left half plane, and its resolvent 
is uniformly bounded on the comlementary right half plane. By defi- 
nition, the space consists of 2-tensors whose second derivatives 
are in h^~^°'; as was shown in Lemma 3.4 |1U] . by standard Schauder 
estimates the operator Ag : Xi ^ Xq is sectorial; continuous Prechet 
differentiability of G and the existence of O can be checked as in Section 
4 of pij. Since 

{A-gh,h) = J {Ah,h) = - ||V/l||^ 

the kernel of Ag consists of all parallel 2-tensors, and is an "^"^'^'^^ dimen- 
sional subspace of the tangent space of symmetric 2-tensors. Therefore 
the hypotheses of the theorem are satisfied, and there is an r > 
such that if go € Br{g) C h?~^P, there exists a centermanifold at g of 
dimension at most "^"^"^"^^ that is exponentially attractive for times 
t ^ T{r). Flat metrics are fixed points of the flow, and so since they 
are exponentially attracted to the centermanifold, they must lie on the 
centermanifold. Since the space of flat metrics on the torus is "^"^''^'^ 
dimensional, the centermanifold must consist precisely of flat metrics. 

We can in fact obtain a global result, using Corollary 9.1.6 in [17] to 
obtain long term existence. Consider a solution g of By definition 
([7]), if (7 converges exponentially to a flat metric, then Wg^g converges 
exponentially to zero. The curvature terms also converge exponentially 
to zero, and so the right hand side of ([8]) converges to zero exponentially 



and 



^ Ce where w > 0. (See also the proof of Theorem 3.7 
in [IDj-) We therefore have global existence and convergence to a flat 
metric. 

We have shown exponential convergence of solutions of DeTurck- 
RG flow, but we have exponential convergence of the second order RG 
flow as well. The idea is that if the norm of a vector field W decays 
exponentially, then the diffeomorphisms (j)t generated by the vector 
field converge exponentially to a fixed diffeomorphism. (To see this 
just calculate the length of the integral curves. See also Lemma 3.5 and 
Proposition 3.6 in [10].) Since the solutions of ([8]) and ([6]) are related 
by the pullback the theorem is proved. 
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3. Stability of the modified second order RG flow at M = H" 



We next consider the stability of a closed hyperbolic manifold. Let g 
be a Riemannian metric of constant negative curvature X on a closed 
re— dimensional manifold M with re ^ 3. In this case g is not a fixed 
point of the second order RG flow ^ , and so we will instead consider 
an equation that is related to the renormalization group flow only by 
diffeomorphism and rescaling. To proceed, let g satisfy the original RG 
flow 

—g = -2Rc{g) - ^Rm\g) 

for < t < T. For a constant c > 0, let a{t) = c{t + 1) and r(t) = 
\ log(t + 1), so that = Define ^(t) by 

g{t)=cj{t)ct^r9{r{t)), 
where W is the vector field ([7]), and ^4>t = —Wu,g- Then 



= c^:ig{T{t))+c{t + l) 



'dr dt' ds' 



da 

C9{T{t)) + -^-Lw^J{T{t)) 



Since 



^5 = -2Rc{g) - ^Rm\g) 

g satisfies the evolution equation 

d (y! 

—g = -2Rc{g) + Lw^ J - ^Rm^ (g) - eg, (12) 

for ^ r < i log(T+l). This equation has a time-dependent coefficient 

2^^, and so is no longer autonomous; however, since the coefficient 
decays exponentially we can handle this by considering instead the 
system 



^(9^J\^ -2R^, + Lw^ -gij - v^RikimR/^'^ - eg 
dT \ V ) \ -%v 



(13) 
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Notice that we can explicity integrate the v equation to get v = VQe~2'^ . 
This shows, in particular, that if (g{T),v{T)) is a solution to (jlSh . then 
g{T) will solve ()12p with a' defined via the formula 

a' = 2cvq. 

Since ^ = ^ is a metric of constant curvature K < 0, we observe 
that 

Rijkl = K{giigjk — (jikOji), 
Rm% = 2K\n-l)g,j, 
Rij = K{n - l)gij. 

The Lichnerowicz Laplacian is 

ALhij = Ahij + 2KHgij - 2nKhij, (14) 

where H = g'^^hij. Setting 

c= -2K{n-l), 

we then get that (^,0) is a fixed point for (fT3|) . By ([9]) and (fHj) . it is 
clear that the linearization of ([13]) at [g, v) = [g, 0) is given by 



d. 



h \ _f Al-c \fh 
w) \ -iJU 



Letting A(^gQ-^{h,w) denote the righthand side of the linearization, we 
see that 

Al-c \ f h 



-IJ\w 



{\gfi){Kw),{h,w)) = J {h,w) 

= J {Al - c)hijh'^ - 



J {Ahij + 2KHgij - 2nKhij - chij)0 - 
-\\Vh\\^ + 2K\\H\\^ - {2nK + c) \\h\\^ --\\w\ 



Using the Koiso Bochner formula [15 



2 



\\Vh\f = ^ \ \f\\'^ + \\6h\\^-nK\\h\\'^ + K\\H\f (15) 
where Tijk = V khj - Vihjk, yields 

{A-g^oih,w),ih,w)) = -^\\f\\^-\\6h\\^ + K{n-2)\\h\\^ + K\\H\\^ 

|2 



+2K{n - 1) \\w\ 
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This shows that the spectrum of ^(§,0) is strictly negative for n ^ 3. 
Since the Lichnerowicz Laplacian is self-adjoint and elliptic, the resol- 
vent bound follows again from standard Schauder estimates (see e.g. 
Lemma 3.4 in [10]). 

Thus, by Theorem 9.1.7 in |17j . one has exponential convergence of 
(fT3l) for initial data in an appropriate neighborhood of (^,0). Since we 
have an explicit formula for f , letting ol = 2cvq we have proved the 
following theorem: 

Theorem 2 (Stability of modified RG flow for n-dimensional hyper- 
bolic space). Let g be a Riemannian metric of constant curvature K < 
on a closed n— dimensional manifold M, n ^ 3, and let g{T) satisfy the 
modified DeTurck second order RG flow 

^g = -2Rc{g) + Lw,J{t) - ^Rm^ (g) - cg{T), (16) 
5(0) = go, 

where c = —2K{n — 1). Then for sufficiently small a', there exists a 
ball Br{g) C /i^"*"^ such that if go £ Br{g), then the solution gij) of 
hl0^) exists for all time and converges exponentially quickly to a metric 
of constant negative curvature. 

We have seen that ^(r) converges to one of constant negative cur- 
vature, but what happens to the original solution of the second order 
RG flow? Recall that 

g{t) = a{t)(t>;g{T{t)) 

is a solution of the second order RG flow. The scaling factor a blows 
up, but the vector field Wg^g converges exponentially to zero. Therefore, 
one has the following corollary: 

Corollary 1. Let g be a Riemannian metric of constant curvature 
K < on a closed n— dimensional manifold M, n ^ 3, and let g{t) 
satisfy the second order RG flow 

^5 = -2Rc{g) - ^Rm' (g) (17) 
5(0) = go, 

Then for sufficiently small a' , there exists a ball Br{g) C h'^^P, r > 0, 
such that if go G Br{g), then the solution g{t) of exists for all time 
and becomes more homogeneous in time. 
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4. Discussion 

We have established the stabihty of the torus, and with suitable rescal- 
ing hyperbolic space, under the second order (two- loop) RG flow ([5]). 
This shows that in a neighborhood of a flat, or with suitable rescaling a 
hyperbolic metric, the qualitative behavior of the first and second order 
RG flow equations are the same. In particular, this suggests that in 
these situations Ricci flow is a good approximation to the full RG flow. 
One immediate application of this result is to produce approximate 
solutions to the RG flow that involve order a'^ corrections, and for 
which the Perelman type entropy proposed by Tseytlin [23j (see also 
plHl Uni [20] ) is monotone, at least to order a'^. 

The results contained in this article are only a first step in the anal- 
ysis of the second order RG flow ([5]). Clearly, it would be of interest to 
identify initial data which generate solutions for which the first and sec- 
ond order equations differ significantly. This could signal a breakdown 
of the perturbative regime and therefore would be of physical interest. 
It could also be of interest mathematically as the most likely mechanism 
for the breakdown would be the development of large curvature along 
the flow. Depending on the behavior of the solutions to the second order 
RG flow, this may (or may not) lead to new applications in differential 
geometry. 
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